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Abstract

This paper considers environments in which individual @refices are single-peaked with respect
to an unspecified, but unidimensional, ordering of the altéve space. We show that in these environ-
ments, any institution that is coalitionally strategy-praust be dictatorial. Thus, any non-dictatorial
institutional environment that does not explicitly utdiana priori ordering over alternatives in order
to render a collective decision is necessarily prone to ttedegjic misrepresentation of preferences by
an individual or group. Accordingly, insincere behavioingerent to the vast majority of real-world
lawmaking systems, even when the policy space is unidimaatand the core is nonempty. We con-
clude with a discussion of the implications for claims alibetpolitical representation of interests within

real-world political institutions.
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1 Collective Rationality and Neutrality

The following theorem — the Gibbard-Satterthwaite theofeenceforthG-§ — is central to the study of

both collective choice institutions themselves and irdiial behavior within such institutions.

Theorem 1. (Gibbard, 1973), (Satterthwaite, 1975). If there are thaganore feasible policy alternatives
and each individual may have any preference over the alte@s, then the only collective choice institution

in which no individual ever has an incentive to misrepre$asior her true preferences is a dictatorship.

Like Arrow’s Possibility Theorem, G-S depends heavily oe @issumption ofinrestricted domain
which states that all individuals may rank all alternatihesvever they want. In particular, both theorems
leverage the fact that, in the presence of a cyclic profilerefguences, any responsive institution that pro-
duces a transitive ranking over alternatives must on oonasé called upon to break a tie in favor of a
minority. Many scholars have called into question the eroglirelevance of both G-S and Arrow’s theorem
precisely because of the unrestricted domain assumpticackid provides perhaps the most comprehen-
sive case for the non-existence of majority-preferencdesyin real politics, arguing that virtually every
published empirical claim of a majority-preference cycts lbeen made in error (Mackie, 2003). Mackie
claims that voter preferences in general are single-peakedany domain of issues under consideration at
a given time. The validity of this claim is not an issue we tadk this paper. Suffice it to say that many
issue spaces in politics and economics can be naturallspretied as being one-dimensional, and it is not a
stretch to assume that preferences are single-peakedhaser $paces. Furthermore, it is well-known that
when voter preferenceare single-peaked with respect to a fixed ordering over alterest there exists a
non-dictatorial institution in which every individual ahys has an incentive to truthfully represent his or her

preferences — namely, pairwise majority rule.



Theorem 2. (Black, 1948): If individual preferences and ballots are single-peakethwéspect to a fixed
ordering, then pairwise majority rule is a non-dictatoriabllective choice institution with full range in

which no individual ever has an incentive to misrepresesitohiner preferences.

And so it would appear that if an issue space admits singiquk preferences, then we have solved the
guestion of whether preferences have been representethsadgu Or have we? What, exactly, does the
existence of a well-defined majority will and nonempty coet gs? Does it, for example, imply that
reasonably democratic institutions will produce the coseagpolicy outcome? Does it imply that that
individuals have an incentive to behave sincerely? As thleviing statements demonstrate, there is a

large literature in political science that argues thatlsimpakedness implies a great deal:

“When all individuals have single-peaked preference andsrthe process of collective deci-

sion making is dramatically simplified.” (Feld and Grofma®8g88, p. 776)

“[When preferences are single-peaked] voters know theigalliworld is coherently organized,
the possibility of cycles is zero and the method of majoritie is wholly consistent and never

tyrannical.” (Riker, 1992, p. 107)

“[R]elaxation of [unrestricted domain] provides accepeabscape-routes from Arrow’s theo-
rem and from the Gibbard-Satterthwaite theorem, comgatilith all other conditions of these

theorems.” (Dryzek and List, 2002a)

“We do know for sure that if the distribution of preferencelenrs is such that they are single-

peaked, the Gibbard-Satterthwaite Theorem does not apy@ye is no chance for strategic

Black’s Median Voter Theorem specifically states that infifesence of single-peaked preferences, a Condorcet WRises.
That a Condorcet winner arises as the outcome of pairwiserityajule over single-peaked ballots, and that majoritieris

strategy-proof in this case, was proved early on by Dummmettarquharson (1961) and Pattanaik (1976).



voting to succeed.” (Mackie, 2003, p. 161)

However, there is an important assumption implicit in oatesnent of Black's Theorem that is necessary
in order for single-peakedness to be the “escape route” fEaBithat Dryzek and List claim it to be. It
requires that individuals may only vote over issues in a vy ts consistent with the underlying ordering
of alternatives. In other words, if the underlying orderivfgalternatives on the left-right spectrumais<

y < z, then a strategic individual may not cast a votedaver > and a vote for: overy. Black's Theorem
then tells us that majority rule is strategy-proof providedt individuals are not allowed to lie in particular
ways?

In this paper we consider incentives for the strategic maatn of institutions when individuals have
preferences that are single-peaked, but are allowethbm to have any preference ordering that they wish.
In other words, if the true ordering of alternatives on thig-light spectrum ist < y < z, an individual
or collection of individuals may claim to preferto x to y. We show that in such situations, inducing
individuals to truthfully reveal their preferences is nat@maticeven when preferences are single-peaked
and there exists a clear majority rule corm particular, inducing truthful revelation at every siegdeaked
profile of preferences requires the use of a dictatoriakctille choice procedure — a procedure that always
grants decision-making authority to a unique individuabrrally, we show that any institution that is not
dictatorial necessarily is naoalitionally strategy-proof there exists some situation in which a person or
a collection of people have an incentive to misrepreserit pieferences in pursuit of a different collective

choice. More importantly, this conclusion holds even inalhsence of majority-preference cycles, and in

2This point was noted by Blin and Satterthwaite (1976), whonsthat majority rule with Borda completion is strategy-gio
when preferences and ballots are required to be singleepeaith respect to a common ordering, but is manipulable vizdiots

are no longer required to be single-peaked with respecetadimmon ordering.



the presence of a Condorcet winner.

1.1 Why Manipulation is Important

The question of manipulation — the misrepresentation ofsonee preferences for individual gain — has
been examined by social scientists for over two centdriggoring the possibly unsettling mendaciousness
inherent in manipulative behavior, manipulation is gelaroblematic for any problem relating to infer-
ence. For example, how does a legislator’s roll call votateslo his or her policy preferences? How does an
individual voter’s vote choice reflect his or her preferenoger the parties and/or candidates? More subtly,
does the composition of a committee reflect the preferentasgooup’s members? Does a juror's vote
to convict a defendant truthfully reflect the juror's bediefbout the defendant’s guilt or innocence? Does
an executive's best choice of political appointees necibggaursue the policies that the executive would
individually pursue in those positions? The inference [@obis also highly relevant for mechanism design
issues, such as how a social planner might go about chodsngast efficient form of regulation, when the
regulated firms have private information about their castcstires.

In a nutshell, we argue that the possibility of manipulatisrendemic to virtually all political insti-
tutions, even in settings where it has been considered wmtam, and regardless of the attractiveness of
certain policies under consideration. This is not to say ti@nipulation is a bad thing; in fact, some have
convincingly argued that the opposite is actually ttu€or example, Miller (1977) shows that when all

individuals vote strategically, outcomes may be obtaired &re Pareto superior to outcomes obtained if

3In his 1788 treatise “On the Constitution and the FunctidrBrovincial Assemblies,” Condorcet argued that Bordatrisigy

method was highly prone to strategic manipulation by vofgosing, 1995).
4See also Dowding and Van Hees (2007), in which the authotsgissh between “sincere” and “non-sincere” forms of

manipulation.



all individuals vote truthfully. Our argument is simply th@anipulation may be problematic for those of
us wishing to study the relationship between individuallg@nd behaviors, even in settings in which a
“majority will” is well-defined.

In this respect, and before continuing on to the theory asdlt® it is useful to compare problems
of manipulation to the “Arrovian problem” of the conditionsder which one can define an unambiguous
notion of “social will.” This contrast is relevant becauss, mentioned above, real-world institutions are
subject to manipulation even if one assumes that theresexistell-defined notion of the social will. We

state and discuss Arrow’s result below.

Theorem 3. (Arrow, 1951). If there are three or more alternatives andesst two individuals, each of
whom may have any preference over the alternatives, thesnilgdPareto efficient and transitive preference

aggregation rule that satisfies independence of irreledtetrnatives is dictatorial.

G-S does not preclude any profile of individual preferenaafirect analogue of Arrow’s requirement of
unrestricted domainArrow’s result, which establishes that the notion of a wilhd universally-) defined
“social will” is incompatible with very minimal democratigrinciples, is closely related to G-S and it has
been demonstrated that both theorems can be obtained fratisdssentially a single proof (Reny, 2000).
However, the conclusions of G-S differ from those of Arroysgssibility theorem in several important
ways. As opposed to the acceptance of social indifferentt@mthe Arrovian framework, G-S requires that
auniquecollective choice be generateide(, G-S deals with “revealed collective preference”). In picad
terms, this requirement is equivalent to assuming thatierfpit the most-preferred choice must be broken.
This requirement implies that G-S is more “institutionatignstructive” than Arrow: while Arrow’s result
maps preference profiles into social preferences, G-S nejtiat the social preference generate a non-

manipulable choice. In other words, G-S not only requiregt tles be broken — it requires that they be
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broken in a way that does not strictly reward insincere bieidy the voters.

There is another important difference between Arrow’s thepand G-S that is particularly relevant
when considering preference domain restrictions. In Alsdiveorem, institutions consider only sincere
profiles of preferences; in the G-S theorem, they do not. Thpseference domain restriction (e.g. single-
peakedness) is a stronger restriction in Arrow’s theorean tinder the G-S theorem, unless an institution
under consideration specifically requiresllots to be drawn from the same domain @eferences The
differential effect of preference domain restrictionstie two theorems plays out in our results. Our proof
that coalitional non-manipulability requires dictatdpsbn single-peaked preference domains leans heavily
on a related, but normatively weaker, result that we havegatdor Arrow’s theorem (Gailmard et al.,
2008): Any weakly Paretian preference aggregation ruleithadependent of irrelevant alternatives must
beneutral even when preferences are known to be single-peaked. énwtirds, even in instances in which
there is a well-defined, transitive majority preferencatieh, neutrality is required for collective choice to
be simultaneously transitive, weakly Paretian and inddeenof irrelevant alternatives. In our extension
of this result to a weakened version of G-S we can replacealgutwith dictatorship precisely because of
the fact that the single-peaked preference domain rastriet weakened by assuming that institutions are
required to takeall ballot profiles as an input.

The key to both results is that knowing with certainty that diternativeganbe ordered so as to induce
a single-peaked profile of preferences is not equivalenintaving how the alternatives will be ordered.
Thus, single-peakedness in and of itself is not “enoughdrimfation to enable a non-neutral institution to
produce an IIA and weakly Paretian social ranking over adtives, and it is not enough information to
enable a non-dictatorial institution to be coalitionaltyategy-proof. Given the generality and power of

Arrow’s Theorem and the Gibbard-Satterthwaite Theoremntbvelty of our results lies in their application



to a canonical setting for models of political institutioriee unidimensional spatial modeIFurthermore,
the unidimensional spatial model is often invoked pregidmcause it is considered to be immune from
the conclusions of Arrow and G-S. In this paper we argue these conclusions can be interpreted as
institutional problems, rather than problems stemmingftmderlying majority preference cycles. In other
words, violating conditions such as Pareto efficiency, jretelence of irrelevant alternatives, transitivity of
collective choice, and strategy-proofness is an irresddvaonsequence of the vast majority of collective
decision-making procedures in use in the world, and posasigms that are separate from the underlying
structure of preferences.

The following section defines the theoretical framework the utilize in both results. Section 3 proves
our main results: that coalitional strategy-proofnesshedomain of single-peaked preferences first implies
neutrality, and then dictatorship. Section 4 presentsrabexamples of the applicability of our results
to real-world institutions, including binary voting pratiges. This section also briefly discusses several
normative implications of our results, including questiaf optimal delegation and the desirability of Pareto
efficiency in certain decision-making procedures. In Sech, we conclude and offer a brief discussion of

the connections between our results and the analysis afgepiative institutions in general.

2 Notation and Definitions

There is a finite collection o alternatives(or policies, X, and a finite collection of: individuals (or
voter9 N. We assume thak’ > 3 andn > 2. Individual i’s preferences are represented by a strict,

transitive and complete binary relatidf. The notationz P;y implies that: strictly preferse to y. If 27 Py

A smattering of examples to justify the term “canonical” iignclude Downs (1957), Davis et al. (1970), McCubbins et al

(1994), Poole and Rosenthal (1997), and Krehbiel (1998)namaf course, many others.



for all y # z, thenx! is referred to ag’s most-preferred policyr ideal point Letz!(p) bei’s ideal point
under profilep.

Throughoutp = (P, ..., P,,) denotes am-dimensional preference profile describing the preferente
all individuals: the notatiorP™ represents the collection of alldimensional profiles of strict orders dn.
Any nonempty seD C P" is referred to as areference domajrnand with strict inclusion is referred
to as arestricted domain We will come back to restricted domains in more detail int®ec2.3. For any
preference profile € P", p|s denotes the restriction gfto the set of alternativeS C X. Similarly, for
any individual preferenc® € P, P;|s denotes the restriction 6 preference relation to the st For any
preference profilp € P™ and pair of alternativegr,y) € X2, the notationP(z, y; p) = {i € N : 2Py}

denotes the set of individuals who strictly prefeto y underp.

2.1 Preference Aggregation Rules

Letting R be the collection of weak orders ov&Tr, apreference aggregation rulis any function,F' : D —
R, that maps a strict preference profile from dom&imnto a weak order oveX. The notationz R (p)y
denotes weak social preference undieat profilep € P™ andxPr(p)y denotes strict social preference.

The following definitions characterize several propertiepreference aggregation rules.

Definition 1 (Weakly Paretian) A preference aggregation rule is weakly Paretiaiif for all p € D and all
(z,y) € X2,

P(x,y;p) = N = xPp(p)y.
Definition 2 (Neutral) A preference aggregation rul' is neutralif for everyz,y,a,b € X, and every

p,p' €D,

P(z,y;p) = P(a,b;p') implieszRr(p)y < aRp(p')b.



Definition 3 (Independent of Irrelevant Alternatives (IIA)A preference aggregation rulg is independent

of irrelevant alternative@1A) if, for all (z,y) € X2 and allp, o’ € D,

Pl = Pl = FO)lwyr = FO)| a4y

2.2 Collective Choice Functions

A collective choice functigror choice functionis any function,¢ : P* — X that maps any strict profile
of orderings over alternatives infd. Throughout, we will assume thathasfull range for anyz € X,
there exists @ € P™ such thatp(p) = x. Thus, a preference aggregation rule produces an ordevierg o
the elements o while a choice function simply produces a single outcomee iidtationg(p) = x says
that choice function produces outcome at profile p.

While we require choice functions to map any strict profil®ia social outcome, we do not require
individuals’ true preference orderings to be drawn fromftileset P". This is because we are interested in
the, possibly insincere, behavior induced by a choice fanawvhen true individual preferences are drawn
from a restricted domain. We call tipeeference domainf a choice functiorD, while theballot domainof
all choice functions is assumed to B&.% In other words, while true individual preferences may coroenf
a restricted set of orderings, individual behavior is omguired to be individually rational, in the sense of
being rationalizable by a transitive binary relation. Tunghout, we will use the notatiof;, p_;) to denote
a ballot profile in whichi submits ballot?/, and all others submit ballots as in profileMore generally, the
notation(p’, , p—r,) denotes a ballot profile in which all membérs L C N submit ballots as under, and

all individuals not inZ, submit ballots as under.

®In Section?? we discuss the implications of restricting the ballot damt@ir a specific class of institutions with an agenda

setter.
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The following definitions characterize several propertiesollective choice functions.

Definition 1’ (Weakly Paretian) A collective choice functior is weakly Paretiarif for all p € D and alll
(z,y) € X2,

P(z,y;p) = N = ¢(p) # y.

Definition 4 (Monotonic) A collective choice functiom is monotonicif, for all (z,y) € X? and all
p,p' €D,

P(z,y;p) C P(z,y;p') andé(p) = = = ¢(p) # y.
Definition 5 (Dictatorial). A collective choice function is dictatorialif for some; € N and for allp € D,
o(p) = i (p),
wherez (p) is i's ideal point under profilep.

Definition 6 (Strategy-Proof (SP))A collective choice functios is manipulabléf, for somep = (P, ..., P,) €

D andi € N there exists &/ € P such that

¢(Pi/7 p—z)Pz(b(p)

A choice function istrategy-prooff it is not manipulable.

Definition 7 (Coalitionally Strategy-Proof (CSRP)A collective choice function is coalitionally manipula-

bleif, for somep = (P, ..., P,) € Dand L C N there exists @ € P" such that

¢(pr, p—1)Pid(p) forall i € L.

A choice function igoalitionally strategy-prooff it is not coalitionally manipulable.
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Note that individually manipulable social choice funcsoare coalitionally manipulable (by a coali-
tion of one). However, the converse need not be true; thene branstances in which a social choice
function may only be manipulable by a sufficiently large d@. WhenD = P", then individual non-
manipulability implies coalitional non-manipulabilityhecause it implies dictatorship. Thus, in a setting

with unrestricted domain, individual and coalitional maulability and non-manipulability are equivalent.

2.3 Single-Peaked Preferences

In this section we define the domain of single-peaked prafa® This domain has attracted the interest
of many scholars because it has been shown to lead to therecésbf non-dictatorial Arrovian preference
aggregation rules and, when ballots are required to beesimghked, to non-manipulable, non-dictatorial
collective choice functions. Our interest is less aboutgkistence, and more about the characterization, of

such preference aggregation rules and choice functionsi®ngstricted domain.

Single-Peaked Preferences. The domain ofsingle-peaked preferencés the set of all profiles of pref-
erences such that there exists a functipn X — {1,2,..., K} such thatQ is a bijection and every
individual's preferences are consistent with a quasi-aveaitility function of{Q(z) : x € X}. We denote
the single-peaked preference domainddyC P™. We will at times refer to the ordering that profijec S™

is single-peaked with respect to @, When referring to this ordering, if alternativeis abovey with
respect tay we writex > v.

While this preference restriction is widely utilized anduitively quite simple, Ballester and Haeringer

(2007) prove that the se§™ is completely characterized by two conditions, worstsieson’ and o-

restriction, both defined below.

"See Sen (1966) and Sen and Pattanaik (1969) for a more thodisgussion of worst-restriction.

12



Definition 8 (Worst-restriction) A profile p is worst-restrictedf, for every triple of alternatives,z, y, z) €

X3, there exists am € {z,y, 2z} such that for alli € N, a =; b for someb € {z,y,2} \ {a}.

In words, a profile is worst-restricted if for every triple,y, z) € X3, there is some element of that triple

that no individual ranks last relative to the other two elaetaef the triple.

Definition 9 (a-Restriction) A preference profile is a-restrictedif there do not exist two agents,j € N,

and four alternativesu, x, y, andz such that

1. The preferences over, x, andz are oppositexw P,z P;z and z P;x Pjw.

2. The players agree about the rankingyodindz: y Pz andy Pjz.

Definition 10 (Single-PeakednessA preference profile isingle-peakedf and only if it satisfies worst-

restriction anda—restriction (Ballester and Haeringer, 2007).

It is important to note at this point that the domalf is the set ofll single peaked preference profiles.
In other words, ira priori terms, any ordering of the alternatives is possible.
Ubeda (2003) has recently used a different domain resticthe 2-free triple domairZg?),° to demon-

strate that on any domain satisfying this restriction, wieaketo and 1A imply neutrality, a conclusion that

8This point is a technical one, but important for broader aterations of the results in this paper. In particular, foy given
linear ordering of the alternative§, € P, one can identify the set of preferences that are singl&egubaith respect t@, this set
is denoted bySq, and the set of all profiles of such preferences is denoteShyThis space is widely discussed in the political
economy literature. For a succinct and lucid overview ofgbeer of the assumption thét is knowna priori, see Chapter 2.4 of

Austen-Smith and Banks (2004), in particular Theorem 2.4.
This domain restriction says that for any triple of alteivest, only two orderings of the triple are possible acrosgdividuals.

While profiles on this domain will satisfy worst-restriatiothey may faila-restriction, with a clear example being the case with
two individuals with preferencesy Py Pz Pz andz Py Pax Pow. Similarly, the following 3-player profile is single-peakéut

is not an element of the 2-free triple domainP, y P z, y Pox P2z, andz Psx Psy.
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mirrors our own (Theorem 4, below). The key distinction betw Ubeda’s result and Theorem 4 is that the
2-free triple domain and the single-peaked domain are retede Specifically, for ath > 2, 7;* ¢ S™ and

S™ ¢ 17" In other words, satisfaction of either tRdree triple restriction or single-peakedness does not
imply satisfaction of the other. With these preliminariedand, we are now in a position to state and prove

our main results.

3 Stability and Coalitional Strategy-Proofness on Singléreaked Domains

To prove that coalitional strategy-proofness impliesatimtship on domaif® = S™, we utilize the following

lemmas and theorem.

Lemma 1. Let ¢ be a coalitionally strategy-proof collective choice fupaot If D = S, then¢ is weakly

Paretian.

Proof: Consider g € S™ such that for ali € N, xP,y, but¢(p) = y. By full range,3p’ € P" with
o(p') = x. Theng(p')P;¢(p) for all i € N, andg is manipulable by coalitiodV. It follows that¢(p) # v

if ¢ CSPO

Lemma 2. Let ¢ be a coalitionally strategy-proof collective choice fupat If D = S, then¢ is mono-

tonic.

Proof: Suppose thap andp’ are single-peaked, but violate monotonicity, wittp) = =, ¢(p’) = y, and
P(xz,y;p) C P(x,y;p"). We will show that this implies) is not CSP onS™. Throughout the proof, let
P(x,y;p) = AandP(y,x; p’) = B. We know thatd N B = {).

First, to simplify notation, change so that for alli such that:P;y underp, everyP; is replaced by an

identical new ordering®; with x top-ranked and; as high ini’s ranking as possible while maintaining
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single-peaked with respect @,. Itis easy to verify that such an ordering exists. Similaclyangey’ so
that for all j with yﬁ;x underp’, y is top-ranked with respect to the ney, andz is as high as possible
while maintaining thatij be single peaked with respect €,. CSP implies that for each of these new
profiles (which in an abuse of notation we will still callindp’) ¢(p) = = and¢(p’) = y.

Consider the triplez, y, z € X, with z arbitrary. p, o’ € 8™ imply that for each profile, one of only two
elements of this triple may be lowest-ranked by any indiglduf at profile p these two elements ateb,
we say thata, b) is lowest-ranked fop|, ; .. Note that in constructing above, we have ensured that the
only instances in which P;y for i € A are those in which lies betweern: andy under the ordering),, (i.e.

T >q, 2 >q,> ¥y, or the reverse). SimilarIy;ijac for j € B implies thatz lies between: andy according
toQ,.

Construct a new profilp™ € P" in which P = P, fori € A, andP; = P]’ for j € B. Note that
rankings are unspecified fér ¢ A U B, if such individuals exist. These individuals’ transitiv@nkings
can be arbitrarily assigned. Also note tisétmay not be single-peaked; our choice function is still respli
to produce an outcome at this profile, however. Then it mughbecase thap(p*) ¢ {x,y}, else either

coalition N \ A could manipulate with p*, or N \ B could manipulate’ with p*. Thus,¢(p*) = 2.

Case 1:(z,y) is lowest-ranked for eithes|(, ,, ., or for o', , .. Without loss of generality, assume that
(z,y) is lowest-ranked fop|, , .1. This implies that for all individualg ¢ A, y Pz = 2P,z Thus,¢ is
manipulable ap by coalition N \ A submitting ballots as ip*; these individuals can guarantee themselves

the outcomez, which they all prefer ta. It follows that¢ is not CSP.

Case 2:z is a lowest ranked element of bathy, ,, .} andy’|, ,, .. Note that by the construction pfand
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p' abovey P,z for alli € A andxzPjz forall j € B.1°

To recap, we have that all membersAfresp. B) have the same preference ordering over all alterna-
tives, and that this ordering ranks’y P,z (resp. yP;jzP;z). Note also that,y, = need not appear con-
secutively in these individuals’ rankings. Furthermgséas constructed above still yieldsas its choice.
However, now members of coalitioN \ A (resp.N \ B) may rankz last relative tor andy, and may not
have an incentive to manipulateby submitting ballots as ip*.

We will now construct a new’ € S™ and show thap CSP forp implies thatp not CSP forp°. This will
take several intermediate steps. First, consider the ioglewer alternatives induced by the preferences of
individuals inA underp; we will call this ordering® 4, and we know that under this ordering>¢ , v >0,

z. Construct a new profilg where P, = P, for all i € A. Clearly thisP; is single-peaked with respect
to the ordering? 4, as itis this ordering. For allj ¢ A, assign each member gfan identical preference
orderinng that ranksy at the top of the ballot, rankﬁﬁjm, and is single-peaked with respect@@a. Such
an ordering exists becaugdies between: andz according toQ 4. Thus,p € S™.

We know that coalitionV \ A can submit ballots as ipi* and receive: as an outcome, which they prefer
to z. Thus,¢(p) # x. Furthermoregp(p) # z, by weak Pareto, because foralt N, yP;z. And by CSP of
p, &(p) # y, because thep would be manipulable by coalitiofy \ A submitting ballots as ip. It follows
thaté(p) = w, with all memberg € N \ A rankingy P;w Pj 2 Pjx. However, this implies that for all€ A,
wP;y, otherwisep would be manipulable by coalitiod submitting ballots identical to those foF \ 4, and
ensuring an outcome @fby weak Pareto. Thug 4 ranks the alternatives >q, w >¢g, ¥y >q, 2-

Now consider a new profilg! in which everyone ind ranks the alternatives asinForallj € N\ A,

1%This immediately implies thap does not satisfy Pareto efficiency on the full doni&if, because* can be constructed so as

to have all individuals not il U B placex andy at the top of their ballots, and s9y > z on all ballotsp; and yetp(p*) = z.
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assign each an identical preference ordering that ragkat the top, ranks]%-lwﬁjlx, and is single-peaked
with respect toQ) 4. Again, such an ordering exists given tl@f ranks the alternatives >q, w >q,
y >q, 2. Thus,p! € S". Using the same logic as above, we get thgt') # zorw (elseN \ A
manipulates withp* to getz), that¢(p!) # z by Pareto efficiency, and that(5') # y by CSP of our
original p. Thus,¢(p') = w?, with individualsj € N \ A rankingy Plw! P}2PlwPlz. Again, it follows
that for alli € A, P! ranksw' P!y, otherwise this coalition would manipulagé in order to gety as the
outcome. Thus() 4 ranks the alternatives >¢, {w',w} >¢, v >¢, z (thew', w ranking need not be
specified in the proof, although by coalition \ A’s preferences, the ranking must have>¢ , w?').
Repeat the above steps foe= 2, ..., | X | — 4 by choosing a nevs* with y]%kzﬁf... forallj € N\ A4,
ande = P; fori € A. Such a* can be constructed so as to always remain single-peakedesilect to
Q4 because it must always be the case that the social choicetastyew”, is ranked between andy
foralli € A. We ultimately get thaf) 4 ranks the alternatives >¢ , {w,w', w?, .. w54} >0, y >q, 2.
At this point, construcp® so thatP? is such thaty P?z PP{w, w', ..., w!XI=*} Pz for all j € N\ A and
P? = P,. Again, p° is single-peaked with respect 4. CSP requires;b(po)PjOz forall j € N\ A,
otherwise this coalition would manipulate with ballots as. CSP of¢ at p requires¢(p®) # y. And
these two statements imply a contradiction. Thui not CSP. It follows thaty CSP impliesp monotonic

whenD = S§™. O
Theorem 4. Let F' be a weakly Paretian and IIA preference aggregation rulé K= S™, thenF' is neutral.

Proof: See Gailmard et al. (2008).

For the next lemma we will need the following two definitions:

Definition 11 (Blocking coalition for(z, y)). A coalition L C N is a blocking coalition for(x, y) if for all
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p=(P1,...,P,) € Dsuch thate Py for all i € L andyP;z forall j & L, ¢(p) # y.

Definition 12 (Blocking coalition) A coalitionZ C N is a blocking coalition if for allp = (Py, ..., P,) € D

and all pairs(a,b) € X2, aPbforalli € L = ¢(p) # b.

Lemma 3. ¢ coalitionally strategy-proof implies that if there exisisep € S™ with z P;y for all i € L and

yPjx forall j ¢ L and¢(p) = z, thenL is a blocking coalition.

Proof: Let p be such that Py for all i € L andyP;x forall j ¢ L and¢(p) = x. We will first show thatZ
is blocking for(x, y), and then thaL is a blocking coalition.

Suppose thaL is not blocking for(z,y), so that there exists g € S™ with zP/y for all i € L and
yPlzforall j ¢ L andé(p') = y. By monotonicity, this implies that(p) # =, a contradiction. Thud, is
blocking for (z, y).

We will now show thatZ blocking for (z,y) implies that for anyu ¢ {x,y}, L is blocking for(z, a)
and for(a,y). Consider any € S"™ wherei € L rank the alternatives Py Pia, j ¢ L rank themyP;aPjx
and allk € N havecP,d whenc € {a,z,y} andd ¢ {a,z,y}. Theng(p) = x, by L blocking for (x, y)
and by weak Pareto. Thusis blocking for(z, a).

Now construct g’ € S™ with P]’ = P; for j ¢ L and withi € L havingaP;xzF;y andcP;d when
c € {a,z,y} andd ¢ {a,x,y}. In this cases(p’) = a, again byL blocking for (x, y) and by weak Pareto.
Thus, L is blocking for(a, y).

Because: was chosen at random, the above argument proved.tisadlso blocking for any distinct pair
(c,d): L blocking for (x,y) implies L blocking for (¢, y), and this implies. blocking for (¢, d), for any
d#y.

Last, by monotonicity, we will show that blocking for (a,b) implies that at any profilp € S™ in

which aP;b for all i € L, theng(p) # b. Suppose not; assume thap) = b. Let QQ be the ordering that
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p is single-peaked with respect to. Now consider & S where for eacly ¢ L, P is replaced byP!, in
whichb is top-ranked undeP;. By monotonicity,¢(p’) = b. However, undep’ we havea ;b for all i € L

andbP;ja for all j ¢ L. ¢(p') = b contradictsL blocking for (a, b). Thus,L is a blocking coalition]

Theorem 5. Let ¢ be a coalitionally strategy-proof collective choice fuoat If D = S™, theng is dicta-

torial.

Proof: Consider three profileg,, p2, p3 € S™ in which the alternatives, i, z are at the top of each person’s
preference ordering, and all other alternatives are oddeceording to a fixed ordering_,, .,. Thus, save
for alternatives{x, y, z }, rankings over all other alternatives are identical acadidadividuals and all three
profiles. By monotonicity, we can consider such profiles withioss of generality.

Let L € £ be a “minimal” blocking coalition. Thus, for anye L, the setL \ {i} is not a blocking
coalition. Such a coalition exists because, by Pareto, veevkhat the collection of blocking coalitions is

nonempty. Defin€z, y, z} rankings undepy, p2, p3 as follows:

P1 P2 P3
1 T2y | T=Y=2 | T>=Yy>=z
L\{i} |y=z+-z|y-ax>=2z|y=z>zx
N\L |z-z>y|lzr-xz>-y|zr-yrx

We know the following:¢(p2) # = because all irl prefery to z; ¢(p3) # =z because all ir. prefery
to z; ¢(p1) # y because everyoneotin L \ {i} prefersz to y, and we have assumed that\ {i} is not
a blocking coalitionjp(p2) # y because everyonmotin L \ {i} prefersz to y, and we have assumed that
L\ {i} is not a blocking coalition.

Condensing the above paragraph, we now knowdliat) = z or z, that¢(p,) = x, and that(ps) = =
ory.
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Case 1: First, suppose thatp;) = z. This implies that(ps) = y, becauséz, z) preferences are identical
acrossp; andps. Thus,¢(ps) = x would violate monotonicity.

Now consider an insincere ballptthat is identical tg, p2, p3 for all w & {z,y, z} (i.e. these alterna-
tives are, for every individual, ordered according}oy,, 1), and with a Condorcet cycle overy, » at the

top:

A~

p

1 Ty z
L\{i} |y=z>=x

N\L |z=z>y

We know thato(p) = d ¢ {x,y, 2z}, otherwisep;, p, or ps would be manipulable by an individual or
coalition submitting ballots as ip: ¢(p) = = = @ manipulateg:, ¢(p) = y = L \ {i} manipulates,,
and¢(p) = z = N \ L manipulategs.

Now, construct a new profilg; € S™ with the preferences of ajl # i identical to those given by.
Playeri’s new preferences rank> = >~ z > y > ..., with ¢’s rankings over allv ¢ {d, =, y, z} unchanged.
This profile is single-peaked according to the ordering igekcby i's preferences, which can be verified
by consideringx— and worst-restriction. Since all players have identicdleoings over alternatives not in
{d,x,y, 2z}, movingd to the top ofi’s ranking cannot break worst-restriction (as all otheypta have the
same ranking ofl and any other alternative # d), and cannot break—restriction, as only playetr has
preferences over a triple that are the reverse of anothgerdagoreferences, ands the unique player with
d at the top of his ballot.

¢(p1) = d, otherwisep(p;) would be manipulable by submitting a ballot as ip. But, by Lemma 3,
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this implies that is a blocking coalition, and thus, a dictator, because hkoplayers prefet: to d.

Case 2: Now suppose thatp;) = =. Then immediately, by Lemma 3, this implies thas a dictator,

becausé is the unique person who prefergo z at profilep;. O

Whenn = 3, Theorem 5 can be strengthened to say thati#f a strategy-proof collective choice function
andD = S", theng is dictatorial. However, in we cannot weaken coalitionedtgtgy-proofness to strategy-
proofness when there is an odd number of playersanrds. This is because, with a large enough collection
of voters, itis always possible to detect a small set of “ptige liars.” In particular, with four or more voters
and a single person submitting an insincere ballot, the fsgtadential” manipulators can be narrowed to
two or fewer individuals in any situation in which the subimit profile of ballots is not single-peaké&t.

In the absence of a core alternative in the submitted profileatiots, removing these individuals would
yield a profile admitting a non-empty core, and even if thelltégy core is multi-valued, the individual can
never profit from having his ballot dropped. We run into pesbs, however, when the core of a sincere
ballot profile is potentially multi-valued. In particulawithout knowledge of the underlying ordering of
alternatives,(), we cannot break ties within the core in a way that is not maalge by an individual.
The following example demonstrates this, and shows thatoiceHunction that selects elements of the
core can still yield opportunities for manipulation wheerh is an even number of voters, and moreover,

single-peakedness need not even be violated for such oiita@s to exist.

Example 1. Manipulating a multi-valued core.

"This is to say that we may not be able to uniquely identify airicere ballot, but we can identify a unique pair of indivithy

one of whom has submitted an insincere ballot.
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Theorem 6. The “Drop 2" mechanism is strategy-proof on the single-pedilpreference domain and unre-

stricted ballot domain when > 5 andn is odd.

Proof Let( represent any ordering of the alternatives, wijtordering the alternativess, ..., z;. Consider

the following “Drop 2" mechanism op € P":

1. If p satisfies both worst-restriction andrestriction, thenp(p) = C(p).

2. If p violates one of these conditions, then for each 1, ..., n test whethep_; satisfies both worst-
restriction andv—restriction. If so, let € W. Inthis caseg(p) = Argmin,_c, {j}if [W]| <n,
; _

and¢(p) = z; otherwise.

To show that this mechanism is strategy-proof, we will cdasithe two cases covered by the mechanism
(i.e. when a ballot profile is single-peaked, and when it i§.nbet p* = (P, ..., P,) € S" be a sincere
preference profile, witlp(p*) = =*, and throughout, let, denote the strict majority preference relation
induced by a profile.

First, suppose thatcan profitably manipulatg* with ballot P/, and that(P/, p* ;) is single-peaked.
This implies thatr = C(P/,p*;) # C(p*), and thatzPiz*. However, we know that* >,- x, and,
because: P;z*, thatz* =(PlLp*,) T contradicting the fact that is the core of P/, p* ).

Second, suppose théP/, p* ;) is not single-peaked. Sindes the sole person submitting an insincere

ballot, it follows that; € . It may also be the case that there exists one gtledV, however ifp € S™

then|W| < 2.2 For this manipulation to be profitable for we know thatp(P/, p* ;) = C(p_w) = =,

2This is because with > 5, at least two people will rank any element of a triple lastistivorst-restriction could be violated
by at most two ballots. Furthermore—restriction can only be violated by a pair of individualsdahe true manipulator will be

in any such pair. Thugy—restriction can be violated by at most two individuals.
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andzPz*. LetW = {i} or W = {i,j}. Becauser* >, z, thenz* >, .« also, and regardless of
whetherl¥ contains one or two individuals. Either one or two suppsrtdt: are removed and s is still
majority-preferred tor, or a supporter o and a supporter af* are removed, thus canceling each other

out. In either case;* >, ,, x, contradictingr € C(p_w). O

4 Examples of Manipulation in One Dimension

In this section, we briefly consider two well-known modelspaficymaking in one dimension. In both
examples the incentive to manipulate manifests itself asmdimidual or coalition attempting to make the
policy space appear multidimensional. These examples deinabe several features of our results that may
not be apparent from the theoretical sections of this paperthat are important to note. First, as discussed
in the introduction, domain restrictions pose differeraltdnges when considering Arrow’s theorem versus
G-S. While coalitional strategy-proofness implies diotahip of choice functions o8™, IIA and weak
Pareto only imply neutrality of preference aggregatioeswdnS™. Section 4.1 illustrates this distinction by
providing an example of a generally non-neutral institutibat happens to be neutral 6ft, that satisfies
IIA and weak Pareto o5™, and that is also manipulable &tt.

Second, our theoretical framework leans on an assumptairirttlividuals may submit ballots that are
not single-peaked with respect to the true underlying andesf alternatives. In Section 4.2

We do not intend for any of these examples to be surprisinfadn the results will appear quite obvi-
ous to any reader familiar with the one-dimensional spatiatlel. Our intention is rather to demonstrate
that when viewed as examples of manipulable collectiveaghfiinctions over a single-peaked preference

domain, a common logic explains théerh.

3The points made in this context are essentially extendiggraents of Schofield (1995) and Austen-Smith and Banks (1998
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4.1 Amendment Agendas

In this section we briefly consider an institution that haieed much attention in formal models of politics:
the amendment agenda. Under an amendment agenda, alesrarg voted upon in an ordered sequence
of pairwise votes. It is well-known that in the absence of a@wcet winner, these agenda procedures are
highly manipulable, with any alternative in the top cycléngeattainable as a policy outcome depending on
the sequence of votes taken. Thus, amendment agendas geggeiral, not neutral, because they privilege
alternatives appearing later on in the agetdat is also well-known that in the presence of a Condorcet
winner, any sequence of voting will yield the Condorcet veinas an outcome, regardless of whether all
individuals vote sincerely or all vote sophisticatedly. uShover the domaig™, amendment agendase
neutral: if the collection of ballots an amendment agendgavian is single-peaked, then so is any permuta-
tion of that collection, and the outcome of voting will be tBendorcet winner (and the permuted Condorcet
winner) of each ballot profile.

What is perhaps less well-known is that amendment agenddsigirly manipulable at sincere profiles
of ballots, even in the presence of a Condorcet widhén this section we consider amendment agendas to
be choice functionsp 4, in which an individual’s ballot dictates how that indivauwill vote on any pair of
alternatives.

In the presence of a Condorcet winner, assuming that allithgils vote either sincerely or sophisticat-

edly!® yields the same outcome. However, the sequence of votemtlieiduals cast will differ, and at a

¥The last alternative considered in a pairwise vote need aefigat the winning alternative that preceded it in ordereome a

policy outcome. However, an alternative considered firsstrdefeat every other policy in order to be chosen as a politsome.
50thers have noted that when the behavioral assumption oériin or sophistication is not uniformly made across alievs,

amendment agendas may no longer be Condorcet consisterideBeau et al. (1985) and Austen-Smith (1987), among others
850phisticated voting in this context refers to individualsying subgame-perfect Nash equilibrium strategies.
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sincere profile of ballots, or sequence of votes, an amentdagamda is manipulable. To see this, consider
the amendment agenda pictured in Figure 1, in which altiwesat andy are first put to a vote via majority
rule, and the winner is then pitted againsin order to determine the final outcome. Suppose that there
are three individuals with the following preferencesP,y P, z, y Pz Pox, andzPyy Psxz. This preference

profile is single peaked, and is pictured graphically in Fég®; it yieldsy as a Condorcet winner.

Figure 1: A two-stage amendment agenda

X Y Z

Figure 2: A single-peaked preference profile

Under a truthful collection of ballots, the amendment agapidtured in Figure 1 yieldg as an outcome:
y defeatsr at the first stage of voting by the votes of Play2rand3, andy defeatsz at the second stage

by Playersl and2. Now consider a collection of ballots in which Playdrand 2 truthfully reveal their
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preferences over alternatives, but Plagetlaims to have the preference orderingf;zPjy. Under this
ballot profile our amendment agenda now yieldas the winner:z defeatsy at Stage 1 by the (sincere)
vote of Player 1 and the (insincere) vote of Player 2, adéfeatsr at Stage 2 by the sincere votes of both
Players2 and3. Furthermore, this is a beneficial manipulation by Playeas3it enables him to attain his
ideal point as the policy outcome.

Clearly the insincere ballot of Player 3 is not single-pebiéth respect to the underlying ordering of
alternatives. However, withow priori restricting how people can cast votes, manipulation is emngléo
this form of agenda, even when the majority will is clearlylivdefined. And we know of no real-world
institution that restricts how pairwise votes may be casth& same time, when handed a truthful profile of
ballots, the amendment agenda produces outcomes and segudtvotes that are consistent with pairwise
majority voting. Thus, satisfying Arrow’s conditions doest, “by easy implication” imply satisfaction of
the conditions of Gibbard-Satterthwaite on single-peakatiains, as claimed by Dryzek and List (2002a).
Pairwise majority voting is transitive, weakly ParetiarddbA (and thus, neutral) when a collection of
preferences is single-peaked, and produces outcomesstmswith those produced by an amendment

agenda. Amendment agendas, and binary voting processegaénal, are not strategy-proof.

4.2 Deliberative Democracy

Deliberation within democratic governance has attractgdeat deal of attention in the past two decades.
This attention has focused primarily on the potential impEadeliberation on the quality of democratic
decision-making. For example, deliberative democracybkas forwarded as a means of divining the “best”

choicel” as a legitimating devicE and as a means by which individuals’ preferences may be htengre

YInformation aggregation citations to be inserted.
18| egitimacy citations to be inserted.
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in line with each othet?

Dryzek and List (2002) explore the linkages between ddditiex democracy and social choice theory.
In many respects, their arguments provide hope for delilverdemocrats in spite of the generally negative
conclusions about the consistency of collective ratidpalnd democratic collective choice. The heart of
their argument is that deliberative decision-making magvaindividuals within a group to leverage the
underlying common structure of their individual preferesido choose an outcome that satisfies desirable
normative €.g, democratic) properties. The principle example of suchracsire is single-peakedness.
Dryzek and List link single-peakedness wilgreement at a meta-leyeh notion loosely describing the
agreement by participants “on a common dimension in termghath the alternatives are to be conceptual-
ized.”20

A key conclusion for Dryzek and List's purposes is that prefiee structuration can eliminate the in-
centive to for a deliberator to misrepresent his or her pesiges at the point at which the collective is
faced with making a final decision. Claims that structuratioay be produced through deliberation have
been forwarded by many scholars and some empirical evidemeorts this claim! Our arguments in this
paper provide some insight into the conditions that one rimygbse on the structuration process to guar-
antee that a democratic decision-making process offersenefitt from misrepresentation, and shows that
these conditions are very restrictive. Indeed, the comlitiare far more restrictive than has been claimed

elsewhereé? Specifically, we have shown that a democratic decision-ngakistitution can be ensured to

preference structuration citations to be inserted.
2Dryzek and List (2002b): 14.
ZTheories discussing the production of structuration thhodeliberation include Mansbridge (1983), Goodin (1986) Miller

(1992), with empirical studies of the emergence of strattan by Radcliff (1993), and Farrar et al. (2006) — add threerences

to bibliography and include a more thorough discussion.here
22In addition to Dryzek and List (2002b), our results call iqieestion some of the relevant claims of Grofman and Feldg),98
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offer no benefit from misrepresentation by a coalition ofihe details of the structure of the individual's
preferences are written into the rules of the institutiaelit (i.e. the institution can utilize the underlying
ordering of alternatives), or if the institution is dicteto.

When looking at the incentives for individual misrepresgion of preferences our results are somewhat
less bleak. Theorem 6 describes a mechanism that is strateg/ when preferences are single-peaked,
and ultimately this mechanism involves detecting potétities, dropping their input from the deliberative
process, and implementing a Condorcet winner. We leave thiequestion of whether we can design a

non-dictatorial and strategy-proof institution that cenplement anything other than a Condorcet winner.

5 Conclusions

Theorems 4 and 5 imply that one must be careful in interpggetivllective will in any real-world policy-
making institutioneven when preferences are presumed to be single-pedktad point is highly relevant
for those scholars who insist that majority rule cycles afesjuent or untroublinge(g, Mackie (2003)).
Specifically, appeals to aggregate outcomes as indicatalective will are not necessarily well-founded
even when the majority will is assumed to exist. “Faithfydinesentation” of the majority will within non-
dictatorial institutions will occasionally take an insare form. Accordingly, the normative, prescriptive,
descriptive, and inferential issues raised by Arrow’s teev and the Gibbard-Satterthwaite theorem are
more than simple mathematical curiosities dreamed up ®ptitpose of scholarly debate.
Single-peakedness does not solve problems of cycling imehleworld because policymaking institu-
tions are generally not neutral. Specifically, the presimnghat individuals have single-peaked preferences

is not sufficient to assume that the result of their aggregais a well-defined collective will. Single-

Miller (1992), and Mackie (2003), among others.

28



peakedness does not eliminate the possibility of gainsugircstrategic manipulation within real-world
institutions, because few (if any) policymaking instituts are dictatorial, and few (if any) policymaking

institutions limit the preferences that groups of indiatkicanclaimto have.
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